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Spin-one matter fields. 

M. Napsuciale S. Rodriguez Rodolfo Ferro-Hernandez Selim Gomez-Avila 

Spin-one matter fields are relevant both for the description of hadronic states and as potential 
extensions of the Standard Model. In this work we present a formalism for the description of 
massive spin-one fields transforming in the (1, 0) © (0,1) representation of the Lorentz group, based 
on the covariant projection onto parity eigenspaces and Poincare orbits. The formalism yields a 
constrained dynamics. We solve the constraints and perform the canonical quantization accordingly. 
This formulation uses the recent construction of a parity-based covariant basis for matrix operators 
acting on the (j,0) © (0,j) representations. The algebraic properties of the covariant basis play 
an important role in solving the constraints and allowing the canonical quantization of the theory. 
We study the chiral structure of the theory and conclude that it is not chirally symmetric in the 
massless limit, hence it is not possible to have chiral gauge interactions. However, spin-one matter 
fields can have vector gauge interactions. Also, the dimension of the field makes self-interactions 
naively renormalizable. Using the covariant basis, we classify all possible self-interaction terms. 


I. INTRODUCTION. 

States transforming in the (1,0) © (0,1) representation have been shown to be appropriate for the description of 
low-energy interactions of the low-lying nonets of vector and axial-vector mesons [l[. The corresponding fields are 
written in tensor language (an antisymmetric second-rank tensor field is used to describe spin-one mesons) and the 
effective theory known as Resonance Chiral Perturbation Theory (RyPT) involves a nonlinear realization of chiral 
symmetry. Also, possible effects of spin-one matter particles described by tensor fields in physics beyond the standard 
model have been proposed in 0. 

On the other hand, many alternatives for physics beyond the standard model have been proposed and although 
the first results of the Large Hadron Collider (LHC) showed no evidence of any of these possibilities up to energies of 
the order of 1.5 TeV I,!], g, @, 0,0, 0, [Ig, [Tll| , recently a series of excess of events in several searches of new 
spin-one bosons at the level of 2-3 standard deviations, point to the possible existence of new spin-one resonances close 
to 2 TeV [l^ . The simplest possibility for these resonances is some realization of the left-right symmetric models and 
the first possible explanations of the excess of events following this route have been already proposed in [T^ , [l^ . An 
alternative to the understanding these events would be offered by spin-one matter fields. Indeed, it is intriguing that 
the standard model and most of the proposed non-supersymmetric extensions use only the (0,0), (1/2,0), (0,1/2) 
and (1/2,1/2) representations of the Homogeneous Lorentz Group (HLG). The consistent formulation of a theory 
involving fields transforming in the chiral (1,0) and (0,1) representations of the HLG would certainly enlarge the 
possibilities for beyond the standard model theories. 

Recently, an algorithm for the construction of a covariant basis for the matrix operators acting on the (/, 0) © (0, j) 
representation space was put forth in Ref. [T5j |. This construction is based on the covariant properties of the parity 
operator, and the explicit form of the covariant matrices is given for j = 1/2,1,3/2. For j = 1/2 the covariant 
basis reproduces the conventional basis acting on Dirac space, and the Dirac equation is recovered as the covariant 
projection onto parity eigenspaces. This alternative view of the Dirac equation, and the fact that the covariant basis 
for (1,0) © (0,1) has been already constructed in [l^, leads us to explore the j = 1 generalization of the structure 
of the Dirac theory. Since a chirality operator appears in a natural way in the covariante basis, chiral states can be 
constructed directly. This allows us to study alternatives for the formulation of chiral effective theories for hadrons 
using the Dirac-like theory for fields transforming in the (1, 0) © (0,1) representation of the HLG. 

In this work, we propose a theory for massive spin-one matter fields which is a direct generalization to / = I of 
the structure of the Dirac theory for fermions. The formalism is based on the simultaneous projection onto invariant 
parity subspaces and appropriate Poincare orbit. The formalism yields a constrained dynamics with second class 
constraints. We work out these constraints in the classical field theory, and show that sensible results are obtained 
upon quantization once we use the specific algebraic properties of the covariant basis. We study the chiral structure 
and classify the naively renormalizable self-interactions of the spin-one matter fields. 

Our paper is organized as follows. In the next section we introduce the formalism and study the solutions and 
discrete symmetries at the classical level. The constraints and corresponding dynamics are analysed in section HI. The 
canonical quantization of the free theory is discussed in section IV. The chiral structure and naively renormalizable 
interactions are described in Section V. We give our conclusions in section VI and close with two appendices with 
technical details of the calculations. 
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II. PARITY-BASED FORMALISM FOR THE (1,0) © (0,1) REPRESENTATION. 


It was shown in 


that the parity-based covariant basis for a general (j, 0 ) © ( 0 ,j) operator space contains: 


1. Two Lorentz scalar operators, the unit matrix of dimension 2(2j + 1) and the chirality operator y. 

2. Six operators transforming in the (1,0) © (0,1) representation forming a rank-2 anti-symmetric tensor, 
whose components are the corresponding generators of the HLG. 

3. A pair of symmetric traceless matrix tensors transforming in the {j,j) representation, with the first one denoted 

second one given by - 

4. A series of tensor matrix operators with the appropriate symmetry properties such that they transform in the 
(2,0) © (0, 2), (3,0) © (0, 3),..., (2j, 0) © (0, 2j) representations of the HLG. 


The rest frame parity operator is the time component of the first symmetric traceless tensor, H = ^oo.-.o^ boost 
operator can be explicitly constructed due to the simple representation form (in the chiral basis for the (j, 0 ) © {0,j) 
space) of the boost generator K = —ixJ = —idiag(J, — J). Using the boost operator, it is possible to construct 
explicitly the states {j-spinors or simply spinors in the following ) in an arbitrary frame once we know them in the 
rest frame. Another important application of the boost operator is the construction of the covariant form of a given 
operator from its form in the rest frame. In particular, we can calculate the covariant form of the parity operator. A 
simple calculation yields 


B{p)nB-\p) 




( 1 ) 


Let us briefly review the application to j = 1/2. In this case the covariant basis is given by two scalar operators, 1 
and X, an antisymmetric tensor, and and two vector operators (the “symmetric” operators of rank 2j = 1 ). 


The algorithm outlined in [l^ yields 


= n {g°^^ - 2fM°^) . 


( 2 ) 

( 3 ) 


This is the conventional set used in the literature up to a 1/2 factor in where the chirality operator is the 

conventional 7 ® Dirac matrix and = 7 ^. Boosting the rest frame parity operator we get 

B{p)IiB-\p) = ^. (4) 

m 

Since the rest frame projectors onto states of well-defined parity are 

i (1 ± H), (5) 

the condition for well-defined parity in the rest frame is 

]P±w(0) = w(0), (6) 

and boosting this equation we get the following condition 

T m) u{p) = 0. (7) 


Transforming to configuration space the positive parity projection yields the Dirac equation 


{iS^dfj, — m) ipix) = 0 , 


( 8 ) 


where = u{p)e 
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A. The structure of the spin-one representation 


In the case of spin-one, the basis of matrices with well-defined Lorentz transformation properties is 

( 9 ) 

The symmetric tensor is given by 

= n (5^^ - -f - {M°^, M°^}) . (10) 

This tensor is traceless in the Lorentz indices 


= 0 , 


( 11 ) 


which leaves nine independent components transforming in the (1,1) representation of the HLG. These operators 
satisfy the following algebraic relations 


^a/3} ^ 4 + g''°‘g>^P - ^ _ 

Finally the tensor transforming in the (2,0) © (0, 2) representation is given by 

A/“^} + 2{M'^“, M''^} - 2{M'"^, M‘'“} - 8{g>^°‘g''^ - g^^g''°‘). 

It has the following symmetries 

the contraction of any pair of indices vanishes and it satisfies the algebraic Bianchi identity 

Cfii/cxjS H“ C^a.0y H“ C^^ua. — 0- 


( 12 ) 

(13) 

(14) 

(15) 

(16) 


These symmetries leave only 10 independent components out of the 256 components of a general four-index tensor. 

The explicit form of the 6x6 matrix tensor operators in Eq. m can be found in [I^, in the chiral basis of states 
diagonalizing the chirality operator, y. For the purposes of this work it is convenient to work in the “parity” basis 
of states where the particle-anti-particle interpretation is easier. The matrix operators are related by O = 
where F stands for the change of basis matrix 


Here we will just need the explicit representation of which in the parity basis is given by 


s°° = n = 


I 0 
0 -I 


= 


0 -F 
F 0 


= 


{F,F) 


0 


-gi3-[F,F} 


(17) 


(18) 


where F = are the conventional spin one matrices. 


B. The spin-one parity projection 

The condition for a state transforming in (1,0) © (0,1) to have well-defined parity is given by Eq.®, with the 
corresponding parity operator in this representation space. A similar procedure as the one used for the spin 1/2 case 
yields the following equation 


+ m^) if) (x) = 0. (19) 

This equation was proposed long ago by Weinber g Ij^ fo llowing a different approach and several aspects of this 
theory have been studied in the literature [ia,®, [l9j|. |20|. The main drawback of this equation is that it contains 
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unphysical solutions. In the parity-based covariant construction this is easily understood from the algebraic properties 
of the symmetric tensor in Eq. m- Indeed, using this equation it is easy to show that 

= {Sid))^ = d\ (20) 

and multipliying on the left Eq. m with S (d) — w? we obtain 

{d'^ — m"') V' (x) = 0 . ( 21 ) 

This equation has the conventional plane wave solutions with = rn? but also solutions belonging to the 
Poincare orbit. This problem can be traced back to the naive construction of the projectors in Eq.(l5]). It can be 
shown that the corresponding boosted operators 

cease to be projectors as soon as we go off-shell. The correct parity projectors for the general off-shell case are 

P±(p) = j(l±^). (23) 

In addition to finding the right parity projection we must also take care of the projection on the desired Poincare 
orbit. To this end we use the simultaneous mass and parity projector 

This procedure yields the following equation in coordinate space: 

+ rri^) ijj (x) = 0, (25) 

where 

i -h . (26) 

Using Eg. d^ and multiplying Eq. (1^ on the left by ^(9^ — S{d)) — it is easy to show that the field satisfy the 
Klein-Gordon equation 


(9^ -I- m'^)ip{x) = 0, (27) 

whose solutions are of the form il’ix) = Ur{p)e~^^'^ where r denotes the particle polarization. The theory for particles 
with negative parity can be constructed in a similar way; in the following we will focus on the positive parity case. 

The formulation of wave equations for spinning particles is an old problem and as far as we know Eq. (EH) was firstly 
considered in [2l| following a different approach, including electromagnetic interactions at the classical level. Closely 
related work was also done in [^ . The present approach, based on the parity and Poincare projections, permits us 
to identify all quantum numbers from first principles. Also, the algebraic structure of the (1,0) © (0, 1 ) representation 
space will allow us to work out the constrained dynamics at the classical level and the proper quantization of this 
theory. 

The spinors Ur{p) have six components and satisfy the following equation 

- m^) Ur{p) = 0 . (28) 

Equivalently, since a free particle spinor must satisfy the Klein-Gordon condition, the spinor also satisfies 

{S^'^p^Pi, - m^) Ur{p) = 0. (29) 

Let us first explore the free particle solutions of Eq. (1^51) . Introducing the explicit form of the matrices in Eq. 
(|25)) we get 


-J • V9o \ 
m2 - (J • V)2 ) 


92 + m2 + (J • V)2 
J- V9o 


'0(a:) = 0. 


(30) 
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Writing tp in terms of the “up” (</?) and “down” (^) three-component components we get 

[52 + ^2 ^ (j. v)2] ^ = j. V aoC, (31) 

[m^ - (J • V)2] ^ = -J • V do(p. (32) 

The second line yields the ^ field in terms of the time derivatives of the ip field, i.e. it is a constraint of the theory 
which leaves only the three complex components of ip required to describe a particle-antiparticle spin-one system as 
the physical degrees of freedom. The constraint equation reads 

^ = - 0-^3 ■ V5o<p, (33) 


with O = w? — (J • V)^ which is non-singular. 

The true equation of motion for the p field is obtained multiplying the first equation by O and using the second 
one to get 


([52 + + (J • V)2] [m^ - (J . V)2] -f (J . V)2 dl) p = 0. (34) 

Notice that this equation is second order in time derivatives and seemingly higher order in space derivatives. 
However, because of the algebraic properties of Ji matrices, 

(J • V)3 = (J • V)V2, (35) 

and it is easy to show that this equation can be rewritten as 

[ 5 ^ -I- TO^] p = Q, (36) 

i.e., it is just the Klein-Gordon equation for the three complex degrees of freedom in p. 

In momentum space, writing p{x) = (()r(p)e“*^'“ we hnd the following solutions to the equation of motion 

Ur{p) = N (^_^5j'j(p)) ’ 


where N is an appropriate normalization factor. 

Our formalism is designed for massive particles. However, it has a soft m —^ 0 limit which is worth exploring. In 
the massless limit, our equation reduces to the system 

[52 -f (J • V)^] (p - J • V 5oC = 0 (38) 

J • V 0095 - (J • V)^C = 0. (39) 

Notice that now the operator (J • V)^ accompanying the ^ spinor is not invertible (in momentum space, it is the 
helicity operator, and it has a zero eigenvalue). In this case we expect to have a gauge invariance which reduces the 
degrees of freedon contained in the ip spinor. In the next section, we will work out the Hamiltonian analysis of the 
constrained dynamics of the theory, and will show that in the massive case all constraints are second class. In the 
massless limit the characteristic matrix of the constraints has no inverse and first class constraints (gauge symmetries) 
appear. A straightforward calculation shows that the massless equation of motion (or the Lagrangian in the following 
section) is invariant under the following gauge transformations (26j | 

Pi ^ Pi + [3 ■ 'V)ij£j, (40) 

Ci -l- d^£i + dif, (41) 

where e{x) is an arbitrary three component spinor, and f{x) is an arbitrary scalar function. This reduces our six 
degrees of freedom to only two as expected. 

Coming back to the massive theory which is the topic of this paper, the presence of non dynamical degrees of 
freedom in ip makes clear that the quantization of the theory must proceed through a careful study of the constraints. 
Before elaborating on this point and in preparation for the particle interpretation necessary for the quantization of 
the theory, we study the charge conjugation operation. 
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C. Interacting theory and discrete symmetries. 

We use the gauge principle for the simplest case of a 17(1) gauge group. Gauging Eq. (1251) we get 


{id - qA) {id - qA)^ - 


V' = 0, 


( 42 ) 


where q is the U{1) charge of the particle. Complex conjugating Eq. (I42p and multiplying on the left by a matrix in 
the (1,0) © (0,1) representation space denoted by T we obtain 


r(E^")*r-i {id + qA)^ {id + qA)^ - 


r = o, 


(43) 


with 


= Cip = Tip*. (44) 

If we require to satisfy the same equation as ip but with the opposite 17(1) charge, —g, the symmetric tensor S 
must satisfy the following relation 


Y{s>^''yT-^ = 


(45) 


The construction of the matrix E satisfying Eq. (1451) can be done from first principles and we just quote the final 
result. Up to a phase this matrix is given by 


r = 


u 0 
0 -u 


(46) 


where U stands for the time reversal operator in the (1, 0) © (0,1) representation space: 


0 0 1 

U = = ( 0 -1 0 

1 0 0 


(47) 


A crucial difference with the Dirac theory is that for spin-one matter fields the charge conjugation operator commutes 
with the rest frame parity operator. 


[C,n] = 0. (48) 

This relation defines the particle-antiparticle structure in the corresponding quantum field theory. In the rest frame, 
the “down” component of the spinors in Eq. (1371) corresponds to negative parity as in the Dirac case. However, for 
spin-one matter particles, it is not connected with the antiparticle solutions. Indeed, as we can see from the explicit 
form of the spinors in Eq. dSzl), the “down” component vanishes in the rest frame, and for an arbitrary frame it is 
fixed by the kinematics. 

The charge conjugated spinor, given by 


<(p) = r<(p). 


also satisfies the equation 


{^^'"Py.Pu - <(p) = 0. 

The adjoint spinors obey the adjoint equations 

Ur{p){S>^°^p^Pa - m^) = 0 , 

u';{p){S'^°Pf,Pa - m^) = 0 . 

These spinors are normalized according to 

u);(pX(p) = Ur{p)Us{p) = Srs- 


(49) 

(50) 

(51) 

(52) 

(53) 
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The corresponding completeness relation is 

Y^Ura{p)Urbip) = ^<„(p)M°f,(p) = 


s (p) ■ 


2m? 


Now, the minimally coupled equation, Eq. (1421) . written in terms of the covariant derivative 

and the parity components is 


(54) 

(55) 

(56) 

(57) 

Again, Eq. (1571) does not involve the time derivative of ^ and is therefore still a constraint. While the manipulation 
of this equation is complicated by the presence of the non-commuting differential operators D^, we can check in a 
calculation similar to the one leading to Eq. (IMl) that the true equation of motion has the form 


1 


1 


+m^ + (p- -Ji{Di,Do}^ = 0 , 

l-Ji{Di,Do}ip+ (w? - ]-D,{Ji,Jj}D^ ? = 0 . 


1 


1 


1 


D +m +—Di{Ji, Jj}Dj \ +—Ji{Di, Dq} 0^ —Jj{Dj,Do} 


If = 0. 


(58) 


The operator = [m^ — ^Di{Ji, Jj}Dj^ ^ involves only the spatial components of and therefore this is an 
equation containing only second time derivatives of the p components. Therefore, the counting of degrees of freedom 
is unaltered from the free case. 


III. CLASSICAL FIELD THEORY AND CONSTRAINTS 

The equation of motion can be derived from the following Hermitian Lagrangian 


(59) 


where 4' = Tfn. In order to exhibit the dynamical content we write the theory in terms of the “up” {p) and “down” 
(^) components of the field and the corresponding conjugate momenta 


4- = 


c = 


(60) 


In terms of these components the Lagrangian reads 

C = dop'^dop + dip'^d^p - ^dop^J^di^ - ^do^'^J^d^p - ^dip'^J^do^ - ^di^^J^dop + {J\ J^} djp 

+ J^} - rr? {p^p - ^1'^) . 


(61) 


Notice that this lagrangian does not contain second time derivatives in the “down” component The canonical 
conjugated momenta are given as 


5C 


1 


TTa = 


^ {dopa) 

SC 


= dopi - j")a ’ ^i = 


SC 




rt = 

’ n 


s 

sc 

S (SoCl) 


= 9o<Pa - 2 ’ 


Clearly, Eqs. (I63|) are (primary) constraints on the variables of the system 

Pa=Ta + \ {diP^r)^ = 0, pi=Tl + \ {?" d,p) ^ = 0. 


(62) 

(63) 

(64) 









The hamiltonian density is 


n^TTado'fa + do^flnl + TadoU + - C. 


(65) 


A straightforward calculation yields 


- dnpid\a - \9ivi {J\ }ab ^J^fb - {J\ }„f, {iflip, 


^ICa) . 


( 66 ) 


Notice that this Hamiltonian density does not contain the t momenta nor time derivatives of the “down” spinor. 
According to Dirac classic lectures the time evolution of the system is given by the modified Hamiltonian 'H* 
given by 


H* 


/ 


d^xH*. 


(67) 


with the modified Hamiltonian density 

n* = n + XaPa + xIpI (68) 

where Xa and A)j are the Lagrange multipliers. 

The Hamilton equations read 

r TT* -| 

9o‘Pa = ^=7ri + -{rd.^)^, ( 69 ) 

A * 1 

doTTa = = -did'pi - djd^ JV^)^ - mVI + 2 ’ (^0) 

A * 

d^ia = ^ = A„, (71) 

OTa 

A ff * 1 

= -a. + ruHl (72) 

The corresponding equations for the adjoint phase space variables, not shown here, are given by the adjoint of these 
equations. 

The time evolution of any observable can be written in terms of the Poisson brackets as 

A = {A,H*}. (73) 


In our case the Poisson bracket is given by 

5A (x) 5B (y) _ 5B (y) 5A (x) ' 

(x') <5Ca (x') l5^'a (x') (5Ca (x'). 

where the sum is over all the field components and their conjugate momenta. 

A straightforward calculation yields 

{pa (x) , TTf, (y)} = Sabd^ (x - y) , {^a (x) , Tfc (y)} = 5ab5^ (x - y) , 

and the corresponding adjoint relations. 

The dynamics generated by H* must preserve the constraints hence the following relations must hold 

9oPa = {Pa,i7*} = 0, dop\={plH*}=Q. 

In our system this produces new (secondary) constraints 

na = ft (TTft)^ - i (ftft^t J* = 0, 

4 = ft - \ + rn^ia = 0. 


{A(x),H(y)} = J 


(74) 

(75) 

(76) 

(77) 

(78) 
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Requiring that the new constraints be preserved by the dynamics we get 

= A„-9.(JV)„=0. (79) 

These relations just define the Lagrange multipliers but do not generate new constraints. 

In total, we have twenty-four degrees of freedom in the Hamiltonian description, twelve coming from the {(/?!,(/?} 
fields and their associated momenta {7rf,7r}, and another twelve from the fields and their momenta 

On the other hand, we have the set of twelve constraints {fa} = {Pa, Pa,Xa,xl}- This leaves us with twelve degrees 
of freedom in phase space, that correspond to three complex degrees of freedom obeying a second-degree equation of 
motion, as expected for a particle-antiparticle field with three degrees of freedom. 

Following the procedure outlined by Dirac in Ref. ([U) we calculate now the matrix of the Poisson brackets of the 
constraints 


Aaf, (x,y) = {/a(x),/f,(y)}. 


A straightforward calculation yields the following block matrix form 


A (x, y) 


771^(5^ ( X — y) 


/ 0 0 0 
0 0-1 
0 10 
V 1 0 0 



(80) 


(81) 


This is a non-singular matrix thus all the obtained constraints are second class constraints. The inverse of this matrix 
is given by 


A ^ (y,z) = —S^ (y - z) 


/ 0 0 0 1 

0 0 10 

0-100 
\ -1 0 0 0 


(82) 


To proceed with the quantization we need the Dirac bracket, defined as 

{A,B}j, = {A,B}- I dWz'{A,/„(z)}A-i(z,z'){/6(z'),S}. 


(83) 


For the canonical variables the inverse matrix in Eq. (j8^ simplifies the calculation. For example 

{v?a(x), TTb (y)}^ = 6abS^ (x - y) 

(z)}{kJ (z),7r& (y)} 

~ J (z)}{kc (z),7rb (y)} 

+ c^^z{V5a(x),Kc(z)}{pj; (z),7r6 (y)} 

+ j {< 7 >a(x), 4 (z)} [pc (z) , TTb (y)} , 

and similar expressions hold for the remaining pairs of conjugate variables. A straightforward calculation yields 

(J-V)"^ 


{v?a(x),7rf, (y)}^ = 


1 - 


2m2 


(x-y). 


ab 


{(/?a(x),Tb(y)}^ = 0, 
{Ca(x),7rf, (y)}^ = 0, 


Ua(x),Tb(y)}^ = 


(J-V),,,3 


2m? 


(x-y). 


We can rewite these relations in compact spinor notation 

{«'a(x),C6(y)}D = 


5]00 (j ■ V) ^00 

2rn? 


5^ (x-y). 


(84) 

(85) 

( 86 ) 

(87) 


( 88 ) 


ab 
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The quantization of the theory must be done replacing the Dirac bracket by the quantum commutator —i [ , ], and 
we expect the quantum commutator of the canonical conjugate fields to be 


[^a(x),C6(y)] 


J.00 


(J-vf 

2m?‘ 


^00 


<5^ (x-y). 


(89) 


To end this section we would like to remark that the coupling to an external 17(1) field can spoil the quantization 
procedure rendering the commutation relations of the canonical variables ill-defined for some values of the external 
field [i^. We do not expect this to be the case here as pointed by the coupled true equation of motion ([5^ but in 
order to ensure this, we performed the analogous calculations for the coupled theory finding the very same canonical 
commutation relations. The calculations are rather long, and we defer the details to Appendix 1X1 


IV. CANONICAL QUANTIZATION OF SPIN 1 MATTER FIELDS 

Under an infinitesimal transformation 


^ + S'i’ (90) 

the lagrangian changes as 

SC = df, -b . (91) 

Invariance under a given transformation yields conserved currents. First, our Lagrangian is invariant under the 
global ?7(1) transformations The corresponding conserved current is given by 

J“ = ig((a^§)E'"“«'-^'S“'^(5^T)) . (92) 

Invariance under space-time translations yields the following stress tensor 

. (93) 

The angular momentum density is similarly obtained as 

+ i ('Fe^fc - i 7^4-). (94) 

The field and its adjoint are expanded in the conventional Fourier series 

[cr{p)ur{p)e~^^^ + 7+ (pX(p)e*^’"^] , (95) 

p,r 

[<^tiP)ur{p)e"P^ + dr(p)M^(p)e"*^’"^] , (96) 

p,r 

where Q;(p) = 1/ ■\/2E{p)V and r denotes the polarization of the one-particle states. The particle (antiparticle) 
creation (annihilation) operators satisfy the following commutation relations 

[Cr (P) , c| ( p')] = , [dr (p) , rfj (p')] = d^^if^pp' . (97) 


A. Commutation relations 


The conjugated momenta are given by 


Cd 

Cd 


dC 

9’Fd,o 

dC 


{d,^)a^ad- 


(98) 

(99) 
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The commutators of the fields with the canonical conjugated momenta are given by 

[C,, 

Inserting the Fourier series in Eq. (jl00|l we get 

[Cd (xi), (X2)] = + Ka{pKtiP)Kde^^^^^-^^ 

p,r ^ 

For equal time Xi = X 2 = 0, using Eq. (l54l) we get 

Changing pi —)> —pi in the second term we get 

/ Y,°°popo + (2E°*E0^' + S*JE°0) p,pj \ 


( 100 ) 

( 101 ) 


( 102 ) 


(103) 


[Cd(xi),^'fc (X2)]^o^^o = 


V 


(104) 


bd 


This equation can be further reduced using the algebra satisfied by S. Indeed, using Eq. (fT^ it is possible to show 
that 


(2e0*E°^' + E*^E°°) p,pj = i (E*^p,p, - p^E™) . 


Using this relation we can further reduce our commutator to 


[Cd (xi), 4-6 (x 2 )],,o ^^0 = 


(^00 , -g^^s°°)p,p/ 


V 


4m^ 


bd 


Finally, using the explicit representation of the S^’’' matrices it can be shown that 

-g^iS°°)p,p, =2(3 ■p)^S°°, 

and putting it all together we obtain 


[Cd(xi),4'b(x2)]^o _o = -i E - 


(J ■ V)^ 

2nT? 


<5(xi-X2). 


bd 


A similar calculation yields 


[Cd(xi),4'b(x2)]^ 


= -i ( E°° - 


2m? 


5(xi-X2). 


(105) 


(106) 


(107) 


(108) 


(109) 


bd 


This is exactly the result expected from our classical analysis of the constrained dynamics in the previous section 
summarized in Eq. 


B. Energy and momentum of the field 

The energy density of the field is defined as 

n = T°° = 5o^E°°ao4' - 5*'FE*^aj4' + (110) 
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After a straightforward algebra, integrating the normal product of we get the following expression for the total 
energy of the field 

^ = (2^)^ EE a(p)^[c+(p)Cr'(p)Mr-(p) (S°VoPO “ + m^) Wr'(p') 

p,r r' 

+ dr{p)cr'{-p)u'l.{p) (-i;°VoPo “ PiPj + rn^) Ur'{-p)e~‘^'‘^°'^° (111) 

+ c+(p)d+(-p)uA(p) (-S°%Po - + m2) <,(-p)e2*w-“ 

+ dr(p)d+,(-p)u^(p) (S°VoPo - ^"^PiPj + rn?) </(-p)] • 

Next, we use 

- E°Vpo - ^^^P^P3 = 2TP^pm - E (p), (112) 

and the equations of motion in Eqs. (I28I50I51I52I) to obtain 

i^ = ( 2 -)^EE a(p)^[c;!'(p)cr'(p)Mr(p) (2 E°'"poPm) ^^r'(p) 

pr r' 

+ d^(p)cr/(-p)M^(p) (2E°>oP*) u^'(-p)e"^*^°"'“ (113) 

+ c+(p)d;!;(-p)ur(p) (2E°>oPz) <-(-p)e2*P'>"^“ 

+ d;!i(p)dr(p)u^(p) (2 E%oPm) <'(p)] • 

With the aid of Eqs. (I12I13|) it is possible to show that 

■Ur(p) (E°>^) Us{ p) = p°5rs, (114) 

?A(p) (E°Vi) ^“-(-p) = ^“(p) (E°VoPi) Mr'(-p) = 0. (115) 

Using these results we obtain the expected total energy of the field: 

H = ^PQ\ct (p)Cr(p) + d+ (p)dr-(p)]- (116) 

p,r 

The total momentum of the field is 

Pi= J iV{r°}d3x = J (117) 

Inserting the Fourier expansion of the fields in Eqs. (IMl [Mil a little algebra yields 

Pi = (27r)3^^a(p)2[c+(p)cr'(p)iU(p)E°>i,Ur'(p) {2pi) 

p,r r' 

- c+(p)d+(-p)uT(p)E0V,<-(-p) (-2p0 (118) 

- dr{p)Cr'{-p)u‘;{p)Y.°^PjUr'{-p) {-2pi) 

+ d+ (p)(ir/(p)u=(p)E°'"pj,<,(p) (2p,)]. 

The terms appearing here are similar to the previous calculation and we simply give the final result 

Pi = El’* (P)Cr(p) + d+ (p)dr(p)] • (119) 

p,r 


C. U(l) charge 

The total current of the field is given by 

= J d^xN (J“) = J d^xN {iq ((a^i')E'*“ 4 ' - TE“**(a^^'))) , 


( 120 ) 
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which after substitution of the Fourier expansion of the fields and some manipulation yields 

= 9 / d^xN^^i^a{-p')a{^){[p'^+p^]c^,{Tp')cr{v)ur' (p') 

PjT , 7 ^ 

+ b; - Pm] 4'{ v')dt{v)Ur (pO E'^“<(p)e*(^'+^)" 

- [Pm “ Pm] dr'{v')cr{v)Ur' (pO S''“ur(p)e"*(^ 

- [p; +P^] d,,(p')d+(p)u:;, (p')S"^“<(p)e<P-^')"). 
For a = 0 we get the charge associated to the 17(1) invariance as 

^^2p^C+, (p)Cr ip)Ur' (p)i;^°Ur-(p) 
p,r r' ^ 

-EE^ ^^2p^d+ (p)dr' (pX/ (p)E'"°<(p), 

p,r r' 

and using again Eq. (I114|) we get 

Q = ■^-^Q'E (-C^(P)Cr(p) +6^^ (P)f^r(p)) • 

p.r 


( 121 ) 


( 122 ) 


(123) 


D. Propagator 


The propagator is the expectation value of the time-ordered product of the fields 

iTrix - y)ab = (0|T (^-^ (a^) (y)) |0). 

Substituting the Fourier expansion of the fields we get 


fFF(a; - y)ab 


E l / S(p)-|-m^ ^ 
2Vu)^ 2m2 ^ 

P 

E l ( 5(p)+m^ 

2Vujp 2m‘^ 

P 


^-ipix-y) 

ab 

\ pipix-y) 

Lb 


xq > yo 


yo > Xq 


(124) 


(125) 


where Wp = ■\/p‘^ + w? and we used the polarization sum relations in Eq. (1541 1. We can rewrite this equation with 
the help of the step function and in the continuum limit as 


iTpix - y) = 9 {xo - yo) j 


+ 9{yo 



fPp 

(27r)^ 2wp 

d^p 

(27r)^ 2a;p 


( ^(p1±E^ p-w{x-v) 

\ 2vP ) 

( ^ (p) -I- m \ ip{x-y) 

\2w?) 


(126) 


Writing Fi7’(a: — y) in a four-dimensional integral representation we expect to connect with the classical Green’s 
function, G {x — y), obtained solving the wave equation in Ea. (l25l) in the presence of sources. The Fourier transform 
of the Green’s function, G'(p), satisfies 

(E'^%p,-m2)G(p)=/. (127) 

Using 

b(p)]^=P^ (128) 


it is easy to show that 


G{p) 


A(p) 

— ‘m? + ie 


(129) 
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where 


A(p) 


S (p) — p^ + 2m^ 
2m? 


(130) 


Notice that we are distinguishing S (p) from S {p) here. We use S (p) when the momentum p is on-shell whereas if p 
is off-shell as in Eq. (I130p we use S {p). Also notice that on-shell 


A(p)|p2^„2 


S (p) -I- m? 
2m^ 


'^Ur{p)Urip). 


(131) 


This result suggests that the appropriate four dimensional integral representation of the two-point QFT Green’s 
function in Eq. (|126l) is not just the direct generalization of the polarization sum; rather, it can incorporate terms 
proportional to p^ — m^. 

In coordinates space the classical Green’s function reads 


^G{x-y)=^f 2 

J {2tt) p‘‘ - m^ + le 


(27r) 

In order to connect with (I126p it is convenient to write the above equation as 


iG{x-y)=i ( (p) 

J yAir j 


Jpix-y) 


where I (p) is the is the integral with respect to = a; 


, 1 r A(w,p)e-*-("-^)\ 

/ (p) = — / -5-5- —duJ. 

27r J_ac, uj^ — p^ — m^ + It 


(132) 


(133) 


(134) 


This integral can be solved by the residue theorem in the conventional way. However, since we are working with an 
unconventional extension off-shell of the polarization sum and at the end we obtain additional terms, we give some 
details of the calculation in the Appendix B. The final result for the relation of the two-point correlation function in 
Eg. (11261) and the integral in Eq. (I132p is 


cOO _ 1 

iTpix -y) = iG{x-y)+ 5“^ (x - y). 


(135) 


In conclusion, the two-point function in Eq. (11261) is non-covariant and differs from the covariant four-dimensional 
integral representation in Eq. (11321) by the term proportional to <5^ {x — y). The non-covariance of the two-point 
correlation function in the canonical quantization is a generic property of s > 1/2 field theories. This point has been 
discussed in detail by Weinberg in and we refer the reader to this reference for further details. Goncerning the 
calculation of the covariant S-matrix elements, the conclusion there is that the correct Feynman rules are obtained 
just skipping the non-covariant terms like the term proportional to (x — y) in Eq. (I135L i.e., in the calculations we 
must use 


tr p{x 



(27r)'^ -f ie 


(136) 


We remark that this four-dimensional integral representation of the propagator incorporates terms proportional to 
p^ — to the naive off-shell generalization of the polarization sum projector 


A(p) = 


S (p) -I- 
2m^ 


2 2 
p — m 

2m^ 


(137) 


This point is crucial when we incorporate interactions via the gauge principle. Indeed, for the simplest case of 
interactions with U{1) massless vector fields, the three-point function in momentum space is given by 


r'^(p,p') = E^"(p' + p). 


(138) 


It is easy to show that the Ward identity due to gauge invariance is satisfied by this vertex with the propagator in 
Eq. (I136p but not with the propagator constructed only with the first term in Eq. (11371) . 

Before ending this section we would like to remark that the algebraic structure of the symmetric traceless symmetric 
tensor in Eqs. (I12I13P is crucial in obtaining all the results presented in this section. 
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V. CHIRAL DECOMPOSITION AND SELF-INTERACTIONS 

The parity-based covariant basis in Eq. o includes the chirality operator y with the properties 

{x,5^"} = 0, x^^l, [x,O] = 0 (139) 

with O denoting any other member of the covariant basis. 

Chiral fields transforming in the (1,0) (“right” fields) and (0,1) (“left” fields) representations are defined as 

'fpR = Pni’ and V'l = (140) 

where the projectors onto well-defined chirality subspaces are given by 

Pr = \{^ + x), Pl = \{1-x)- (141) 

These operators have the following projector properties 

Pfl + Pi = l, PrPl = 0, PI = Pr. PI = Pl. (142) 

which together with the commutation relations in Eqs. (11391) imply 

OPr,l = Pr,lO, S^'^Pr^l = PL,RS^r (143) 

The Lagrangian in Eq. ((5^ can be decomposed in terms of the chiral fields as 

P = + '4>RS{id)ipR + il}LS{id)il)L\ - m^[^R'>pL + '0L'0fi]- (144) 


The first term in the kinetic part couples left and right fields; hence, the Lagrangian is not chirally symmetric in the 
massless limit. Spin 1 matter fields cannot have chiral gauge interactions. Concerning possible applications to hadron 
physics, it is not possible to realize chiral symmetry linearly and our theory can be useful only with formalisms realizing 
chiral symmetry nonlinearly. As for possible applications to model building for theories beyond the standard model, 
the only possibilities for the interactions of spin-one matter fields in this context are: i) vector gauge interactions 
connected or not with the standard model group; ii) self-interactions. 

Concerning interactions, we remark that the spin-one matter field has mass dimension one, thus self-interactions are 
naively renormalizable. We can use the covariant basis to classify all naively renormalizable terms in the corresponding 
Lagrangian. These terms must be constructed from the following operators bilinear in the field 

■0V', V'XV’, V', (145) 

The last two bilinears arises from the contractions of the previous two with the Levi-Civita tensor (contractions with 
the metric tensor vanish) which can be rewritten in terms of the chirality operators using the relations 

— P'prraP — ixP'p,va0 ■ (146) 

There are ten independent non-vanishing Lorentz invariant terms that can be built from the products of these bilinears. 
The most general naively renormalizable self-interaction Lagrangian is given by 

Cself = Cl (V'V') + C2 (V'XV') + C3 + C4 {if’XS 

+ C5 + C6 + C7 (V’V’) (V-XV) + C8 (V’S'^^.V) (VX^'^'^V’) 

+ eg + CIO (V’C'i.i.a/jV’) (V’XC"'‘'“^V’) • 

Some of these terms violate discrete symmetries and it would be interesting to explore the consequences of the existence 
of spin-one matter particles in physics beyond the standard model, in particular if it could play a role in resolving the 
dark matter enigma. If the massless limit of our formalism is a sensible theory, all these coefficient must vanish since 
all these terms violate the gauge invariance in Eqs. (HD)- 
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VI. SUMMARY AND CONCLUSIONS 

In this work we introduce a Dirac-like formalism for the description of spin 1 massive fields transforming in the 
(1,0) © (0,1) representation of the HLG. The formalism is based on the simultaneous projection on parity eigenspaces 
and on the appropriate Poincare orbit. This projection is done using the parity-based covariant basis for the matrix 
operators acting on the (1,0) © (0,1) representation space constructed in [T^. We construct the charge conjugation 
operator and show that it commutes with parity. An explicit construction of the solutions using the representation 
of operators in the basis of well-defined parity for (1,0) © (0,1) shows that the “down” component of the solutions 
are suppressed as vjc with respect to the “up” part of the solutions in the non-relativistic limit. More importantly, 
the “down” part of the solutions are fixed by the kinematics, as a consequence of the constrained dynamics. We work 
out the constraints at the classical field theory level, show that the system has only second class constraints, and 
obtain the Dirac bracket of the canonical conjugate variables. We carry out the canonical quantization of the theory, 
and calculate commutator relations for the canonical variables consistent with the classical Dirac brackets. Sensible 
results are obtained for the relevant physical quantities: energy, momentum, U{\) charge, and the propagator. The 
algebraic properties of the covariant basis are instrumental in obtaining these results. With the aid of the chirality 
operator which naturally appears in the construction of the covariant basis, we analyse the chiral structure of the 
theory finding that spin-one matter fields cannot have chiral gauge interactions, but admit vector gauge interactions. 
Spin-one matter fields have mass-dimension one therefore self-interactions are naively renormalizable. Using the 
covariant basis, we classify all renormalizable self-interaction terms. 

Although the formalism is designed for massive particles, the classical theory has a soft m —>■ 0 limit, in whose case 
first class constraints (gauge symmetries) appear. It would be interesting to explore if a sensible quantum field theory 
can be obtained in this case. 
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Appendix A: Constrained dynamics with a 17(1) coupling 


The Lagrangian with 17 (1) coupling is 


C = - TO^iI'^', (Al) 

= 9^4- + iqA^^, (A2) 

Dl^ = - iqA^^. (A3) 

In terms of the “up” ip and “down” ^ fields, the Lagrangian reads 

C = DyDop> - i + Dl£}D,J\) - i (oy 

+ + ]^Dy {y y, j^} (^v - , (A4) 


For the purposes of quantization, it is instructive to analyse the Dirac bracket. The canonical momenta in the 
presence of a 17(1) coupling are 


TTa = 


TT 


t = 

a 


5C 

S (dgifa) 

5C 

5 (Sofpi) 



(A5) 

= - 1 , 

(A6) 
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and 


rt = 




(dod) 


which imply constraints even in the presence of electromagnetic interactions. 

The Hamiltonian density, incorporating the constraints as Lagrange multipliers, is 


n* = TTaTrl 




- DyD\ - \Dy {J\ J^) {J\ J^] 


+ ieAo [iTa^Pa - <^Wa] + ^^0 
+ AaPa + Ajj pJ , 




^aPa ' ^aPa i 

and the Hamilton equations are 


SH* 1 

'^OT’a = =7^1+2 + *eHoV3a 

SH 


doni = = -AT^Va - 2 AA {{J\ Jk ka - ^ d} x) ^ 


+ ie 


ylo^t _ _ (rD^Aok 


Of 

— e — '^a-) 

XTJ* 11 1 

dorl = = 2 A (JVt)^ + - (JV^ AAOa - ({J^ H} 0, 

+ m^^a-jAo{rD,^)^. 


The temporal evolution of any dependent dynamic variable fields and momenta can be written as 

f) R 

and again they have the same Poisson brackets between fields and canonical momenta, Eqs dza. 
The dynamics generated by the modified Hamiltonian must preserve the restrictions 

doPa = ^+{Pa.H*} = 0. 

This leads to secondary constraints 

K, = Dj 1 + f A = 0. 

and, again, for consistency, requires 

f) ur 

ao«^a = ^+K,A} = 0. 


(A7) 

(A8) 


(A9) 

(AlO) 

(All) 

(A12) 

(A13) 

(A14) 

(A15) 

(A16) 

(A17) 
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This condition yields 


k = -Dl 




+ xU^Fk,j'^r + -^ 


2 “^ 

TO^ 1 — ieDl 
1 


J'^ 


Ao7r-l[D]{Ao^^)j^ 




+ jFok (^tt - ieAo^^ + - [nler^j J'^ + 

- ^ [a,d\£}J^F + d]A,£}J^F^ + icA^ttF = 0 


(A18) 


Although this is a complicated equation, it just defines A'l' and does not give rise to additional secondary constraints. 
Now we write the Poisson brackets between the constraints. It is straightforward to see that 


{pa ix),Pb (y)} = o, 
[pa (x),pI (y)} = 0, 
{pa (x),Kb (y)} = 0. 


(A19) 

(A20) 

(A21) 


However, for |pa (x), xl (y)| we get 

[pa (x),4 (y)} = 


Ta + 


le 

~2 


5 (Dh'J‘) 

i + 1 


(x) 


Dr ^ (DrF.FJ^^), + m% (y)| 


(x), [i^o^ (TV) J (y) \, 


(A22) 


and since the last line of this equation vanishes, 

{pa (x),4 (y)| = {Ta(x) , [OiD j F biv)} + ^ (y)} 

\ (JVl')Vy)} . 


(A23) 


“ 2 DyiDyj + DyiD^^J 


(x - y) - m'^SabS^ (x - y). 


(A24) 


This can be written as 

{pa (x) ,4 (y)| 

In this expression, we can change V by —dy and Aj (x) by Aj (y) in (x — y) to get —DyjS^ (x — y). This 

allows us to conclude that 

[pa (x), kI (y) I = -m'^SabS^ (x - y). (A25) 

These are equal to the free field Poisson brackets. 


Appendix B: Integral representation of the propagator 


For the calculation of the integral in Eq. (I134p we split it into the real axis and the semi-circle contributions 


1 

27r 


A{u},p)e-^A^-y^° 

c — m? + ie 




A V,p) 


— p^ — vn? 


dio. 


le 


(Bl) 


Causality requires us to close the contour C with a (counterclockwise) semicircle on the upper complex plane for 
{x — y)° < 0 and with a (clockwise) semicircle on the lower plane for (a; — ?/)° > 0. In the case {x — yf > 0, C 
encloses the pole +mP — ie and we get 


Vp) = 


-iA (w,, p) 

2ujf_ 



A(w,p) 

ljj2 _ p2 _ ^2 _|_ jg 


duj. 


(B2) 
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Similarly, for (x — y) < 0 we obtain 

^ _ -iA (-w„ p) 1 




dio. 


2we 27r J(^+ — p^ — + ze 

Next we parameterize lu € as uj = i?e®® with 0 < 0 < tt for and tt <6 <2tt for . For large R we get 

A(i?e*^p) _ 1 


-R^-oo i?2e2*e _ p2 _ ^2 _|_ Jg 2m^ 

'f± 


(500 - 1) ^ 0 , 


and unlike the scalar and fermion case, the integrals over (7^ do not vanish 

r A (w, p) (S'™-!) r _ ^0 

lim / — ----- —duj = —-— 5 — / e dw. 

R-j-oo Jq± — p^ — + ze 2m^ 

The integral on the r.h.s of Eo. dBSI) is readily obtained as 

[ = -2tvS {x° - y°) . 

Jci 


Using Eqs. 


we can rewrite Eqs. (IR2IR.1I1 as 

-lAjuJe, (S™ - 1) 


/(P) = 
^(P) = 


2uj^ 2m^ 

-iA p) (S™ - 1) 


2 ctZ£ 


2rn? 


and Eg. (11321) reads 


iG[x-y) = 


0 (x° - y°) r d^p 


{2nr 


■—A(w„p)e 


-iuj{x-y)° ^ip{x-y) 


+ 


9 (i/° — x°) f d^p 


{27rr 


—A(-w„p) e' 

ZCJg 


+2Aj(a:-y)°g2p(x-y) 




Changing p by —p in the second line of Eq. (jB9l) . taking the e —>■ 0 limit and using 

S (p) + TO^ 


A(a;p,p) = 


2rn? 


we finally obtain 


coo _ 2 ^ 

zrF(x -y) = iG{x-y)+ 5^ {x - y). 


(B3) 


(B4) 


(B5) 


(B 6 ) 


1 /°); 

(x - y)° > 0 , 

(B7) 

2 /°); 

(x - y)° < 0 , 

(B 8 ) 


(B9) 
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